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Abstract

New closure relations for the wall and interfacial shear stresses are suggested for the two-fluid model for
stratified laminar pipe flows. The new closure relations are formulated in terms of the single-phase-based

expressions, which are augmented by the two-phase interaction factors.

The two-fluid model is tested against the exact solution of fully developed laminar pipe flow with a flat

and smooth interface. The predictions of the two-fluid model for the pressure gradient and holdup

favorably compare with those obtained by the exact solution for a wide range of dimensionless parameters

in co-current and counter-current laminar flows. The two-fluid model is also capable of handling the change

in the direction of the wall shear-stress when gravity driven backflow in either of the phases is encountered.

Additionally, it also correctly predicts the multiple holdups and the operational conditions for their pos-

sible occurrence.
� 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

Stratified flow is a basic flow pattern in horizontal and inclined gas–liquid and liquid–liquid
systems in a gravity field. In case of a finite density difference between the two phases, they tend to
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segregate, and for some range of sufficiently low flow rates, a structure of continuous layers of the
light phase on top of a heavy phase layer is maintained in steady and transient flows.

The key engineering parameters in the design of two-phase pipe flow are the pressure drop and
average in situ holdup and velocities. Their prediction is commonly attempted via two-fluid (1-D)
models, which are based on averaged momentum equations and mass conservation equations for
each of the two layers. These four equations can be solved for the unknown pressure gradient,
holdup and velocities of the two phases, provided closure relations are available for the wall and
interfacial shear stresses. The 1-D two-fluid models are also used to study the stability of the
stratified flow, for the calculation of undeveloped stratified flow and for the simulation of slow
transients. Therefore, reliable and practical closure relations for the shear stresses in terms of the
local and instantaneous holdup and average velocities are needed, even in cases where exact
(however complicated) solutions for steady, fully developed pipe flow can be obtained.

Despite of the extensive theoretical and experimental research attempted at formulating
appropriate closure laws, no models, which rigorously account for the effects of the interaction
between the phases, have yet been established. The approach that is commonly followed is to use
closure relations that are based on the knowledge gained in single-phase flows, and then introduce
empirical corrections to match with two-phase flow data.

The vast majority of those studies relates to horizontal low-pressure gas–liquid systems, where
the gas velocity is typically much higher than the liquid layer velocity and the flow phenomena is
dominated by the friction in the gas phase. In liquid–liquid systems, the densities of the liquids are
similar, however, a wide range viscosities is encountered. Therefore, even for horizontal flows, it is
not a-priori evident which of the phases dominates the friction at the interface.

Relatively few studies relate to the closure of two-fluid models for inclined gas–liquid and li-
quid–liquid flows. In inclined systems, gravitational effects become important, in particular, in
counter-current flows. Accurate prediction of the holdup and pressure drop requires reliable
closure relations for the wall and interfacial shear stresses, which correctly represent the fine
balance between frictional and gravitational forces. Multiple solutions can be obtained for
specified operational conditions in co-current and counter-current inclined flows, which are rel-
evant in practical applications (e.g. Landman, 1991; Ullmann et al., 2001; Ullmann et al.,
2003a,b). It was shown in Ullmann et al. (2003a) that in inclined counter-current flows two stable
stratified flow configurations of different holdups can be experimentally obtained for speci-
fied operational conditions. The feasibility of obtaining multi-holdups in co-current upflow was
verified in Ullmann et al. (2003b). However, the multiple solution regions were investigated
based on the two-plate model or the classical two-fluid model. The deficiencies of the conven-
tional closure relations used in predicting the flow characteristics via two-fluid models in inclined
flows is demonstrated and discussed in those references. Therefore, the boundaries of the
multiple solution regions should be rechecked once robust models for inclined pipe flows become
available.

In principle, the effect of the interaction between the two phases can be studied in view of exact
solutions for stratified flow. These can be obtained for laminar flows, which may be of limited
relevance to practical applications of gas–liquid flows in relatively large diameter conduits.
However, laminar stratified flows are frequently encountered in liquid–liquid systems, and are
also relevant to gas–liquid flows in the range of sufficiently low flow rates and/or small diameter
tubes.
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For the case of pipe geometry, exact analytical solutions for the velocity profiles u1ðx; yÞ, u2ðx; yÞ
in fully developed laminar flows can be obtained when the fluids interface can be described by a
constant curvature curve. In this case, the bipolar coordinate system can be applied to obtain a
complete analytical solution for the velocity profiles, distribution of shear stresses along the pipe
wall and fluids interface, axial pressure drop and in situ holdup, in terms of prescribed flow rates
and fluids viscosities (e.g. Bentwich, 1964; Brauner et al., 1995, 1996a for horizontal flows). The
assumption of a constant curvature is practically satisfied for large Eotvos number systems,
EoD ¼ DqgD2=8r, corresponding to large diameter (D), high density difference (Dq) and low
surface tension (r) systems (Brauner et al., 1996b; Brauner et al., 1998; Gorelik and Brauner,
1999). In this case, the interface is plane, with a zero pressure difference across the interface, and
the flow geometry can be described by the thickness of the (lower) fluid layer, h. Analytical
solutions for flow with a plane interface are given in several publications (e.g Semenov and
Tochigin, 1962; Bentwich, 1964; Ranger and Davis, 1979; Brauner et al., 1996a; Biberg and
Halvorsen, 2000).

Although exact expressions for the shear stresses can be obtained for steady, fully developed
stratified laminar flow in inclined pipes, the computation of local stresses involve triple integrals,
and additional integration is required for obtaining the averaged values (see Section 2). Therefore,
from the practical point of view, they are too complicated to be implemented in two-fluid models.
Moreover, the complexity of the exact solution makes it hard to identify the necessary modifi-
cations of the single-phase-based closure laws, so that the interaction between the two phases is
properly accounted for. On the other hand, the exact solution obtained for the model of the
simple geometry of stratified flow between two infinite plates (TP model) has been shown to be a
useful tool for analyzing the characteristics of co-current and counter-current laminar pipe flows
(Ullmann et al., 2003a). Therefore, the expressions obtained for the shear stresses via the TP
model are re-examined to find out the structure of closure relations that are implied by this rather
simple model. New closure relations evolve for the wall and interfacial shear stresses, which are
then implemented into the two-fluid model (Section 3). The results of pressure gradient and
holdup obtained by this modified two-fluid (MTF) model are compared with those obtained by
the exact solution for laminar co-current and counter-current inclined flows. The MTF model
predictions are also compared with experimental holdup data for counter-current flows (Section
4). These comparisons prove that the new closure relations are essentially representing correctly the
interaction between the phases over a wide range of the stratified laminar flow parameters space.
2. Exact solution for laminar stratified flow

In two-phase stratified flows, given the location of the fluids interface, the velocity profiles of
the two fluids u1, u2 in a steady and fully developed axial laminar flow (with a smooth interface),
are obtained via analytical or numerical solutions of the following Stokes equations (in the z
direction, see Fig. 1):
l1ðr2u1Þ ¼
dp
dz

� q1g sinb; l2ðr2u2Þ ¼
dp
dz

� q2g sinb ð1Þ
The required boundary conditions follow from the no-slip condition at the pipe wall and conti-
nuity of the velocities and tangential shear stresses across the fluids’ interface. For a given axial
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Fig. 1. Schematic description of the stratified flow configuration and coordinates.
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pressure drop, the solution for u1 and u2 can be integrated over the fluids flow cross-sections to
yield the corresponding volumetric flow rates Q1 and Q2. From the practical point of view, we are
interested in a solution of the ‘inverse problem’ where the unknown pressure gradient and flow
geometry (interface location) are obtained for given flow rates. However, the inverse problem is
much more complicated, since the shape of fluids interface is in fact, unknown. The interface
shape is obtained from the solution of the momentum equation in the y direction (Gorelik and
Brauner, 1999) whereby, for large EoD systems the interface is flat (rather than curved). In the
following, a solution of the ‘inverse problem’ for the case of fully developed laminar flow in in-
clined pipes of large EoD with a flat and smooth interface is presented. In particular, the focus is
on obtaining a complete solution in terms of the dimensionless parameters for the case of inclined
pipes. Compared to horizontal pipes, in inclined pipes the solution of the ‘inverse problem’ is
more complicated since the driving force is different in the two phases.

2.1. Laminar pipe flow (LPF)

The appropriate coordinate system for solving the stratified flow problem in pipe geometry is
the well-known bipolar coordinate system (e.g. Bentwich, 1964; Ranger and Davis, 1979). The
view angle of the two triple points (interface intersection with the pipe wall) from an arbitrary
point in the flow domain is p � /. Coordinate n relates to the ratio of the two radius vectors r1, r2
connecting the field point to the two triple points, n ¼ lnðr1=r2Þ. The pipe perimeter and the
interface between the fluids are iso-lines of coordinates /, so that the upper section of the tube
wall bounding the lighter phase is represented by /2, while the bottom of the tube, bounding the
denser phase, is represented by �/1 ¼ /2 � p. The interface coincides with the curve of / ¼ 0.
Thus, the two-phase domains map into two infinite strips in the ð/; nÞ domain defined by
Upper phase : �1 < n < 1; 0 < / < /2

Lower phase : �1 < n < 1; /2 � p < / < 0
ð2Þ
Analytical solutions of the Stokes equations for inclined flows were recently explored by Gold-
stein (2002). Analytical expressions in terms of Fourier integrals in the bipolar coordinate system
were obtained for the velocity profiles: ð~u1;2 ¼ u1;2=U2sÞ.
~u2 ¼
u2
U2s

¼ �8eP2 sin/1 cos/2I
1
2

�
þ ~l sin/2I

2
2 �

1

2

sinð/2 � /Þ
cosh n þ cos/

�
þ 8 sin2 /2

eP1I32 ð3:1Þ
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~u1 ¼
u1
U2s

¼ � 8eP1

~l
sin/1 cos/1I

1
1

�
þ sin/1I

2
1 �

1

2

sinð/1 þ /Þ
cosh n þ cos/

�
þ 8 sin2 /1

eP2I31 ð3:2Þ
where U1s, U2s are the superficial phases velocities, Ij1;2 (j ¼ 1, 2, 3) denote the Fourier integrals
(given in Appendix A) and:
~l ¼ l1=l2; eP1 ¼
dp=dz� q1g sinb

ð�dpf=dzÞ2s
; eP2 ¼

dp=dz� q2g sinb
ð�dpf=dzÞ2s

ð4Þ
While /2 (or /1 ¼ p � /2) determine the geometry, eP1 and eP2 represent the dimensionless driving
force in the heavy and light phases, respectively. The pressure gradient used for normalizing the
driving forces is the frictional pressure drop obtained in single-phase flow of the lighter phase,
ð�dpf=dzÞ2s ¼ 32l2U2s=D2. The velocity profiles, given in Eqs. (3), are in fact the same as the
(dimensional) profile obtained by Biberg and Halvorsen (2000) for inclined flows. In order to
obtain the holdup and the pressure gradient for a given two-fluid system and flow rates, a solution
for the ‘inverse problem’ must to be obtained.

The total pressure drop is composed of the gravitational (hydrostatic) pressure drop, which is
determined by the holdup, and the frictional pressure drop. The eP1 and eP2 are both unknown, as
they relate to the (unknown) total pressure drop. The difference between the two, however, is
equal to the inclination parameter, Y :
eP2 � eP1 ¼
ðq1 � q2Þg sinb
ð�dpf=dzÞ2s

¼ Y ð5Þ
The form used in Eqs. (3) clearly shows that the unknown eP1 and eP2 can be obtained from these
two equations after integration of the velocity profiles over the corresponding flow cross-sectional
area to provide the (known) flow rates of the two fluids. Accordingly:
1

p

Z /2

0

Z 1

�1
~u2Jðn;/Þdnd/ ¼ 1 ð6:1Þ

1

p

Z 0

�/1

Z 1

�1
~u1Jðn;/Þdnd/ ¼ q ¼ U1s

U2s

ð6:2Þ
where Jðn;/Þ is the transforming Jacobian from bipolar to Cartesian coordinates:
Jðn;/Þ ¼ � sin2 /1

ðcosh n þ cos/Þ2
ð6:3Þ
Eqs. (6) can be solved for the unknown eP1, eP2. The solutions so obtained are given by
eP2 ¼
p

8 sin/1

IA51 þ ~lqIA32
½IA51 IA52 � ~lIA31 IA32 	 ð7:1Þ

eP1 ¼
�p

8 sin/1

½IA51 þ ~lqIA32 	~lIA31
IA51 ½IA51 IA52 � ~lIA31 IA32 	

(
þ ~lq
IA51

)
ð7:2Þ
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and by Eq. (5):
X 2 ¼ ~lq ¼
8
p sin/1I

A7Y þ IA6
� �

IA51
ðIA7 � IA32 IA6Þ ð8Þ
where the various IAj1;2 terms represents triple integrals (over the x, / and n domains), which are
defined in Appendix A. Note that X 2 ¼ ð�dpf=dzÞ1s=ð�dpf=dzÞ2s ¼ ~lq is the Martinelli parameter
in the case of laminar flow.

Eq. (8) represents an implicit relation between the unknown holdup, e ¼ 4A1=pD2 (determined
by /1;/2 ¼ p � /1) and the three prescribed dimensionless parameters ~l, q and Y (or X 2, ~l and
Y ). These are obviously the same three dimensionless parameters that evolve from the two-fluid
model (Ullmann et al., 2003a). Note that the inclination angle, b is always taken as positive. In co-
current flow, U1s, U2s are both positive in case of downward flow and negative for the case of
upward flow. Whereas in counter-current flow U2s is negative (the light phase flows upward).
Accordingly, co-current flows correspond to X 2 > 0 with Y > 0ð< 0Þ for down-flow (up-flow).
Counter-current flows correspond to X 2 < 0 and Y < 0. The solutions of Eq. (8) comply with the
natural symmetry which exists between upward (A) and downward (B) two-phase flow systems: if
ðqÞA ¼ ð1=qÞB, ð~lÞA ¼ ð1=~lÞB and ðY ÞA ¼ ðY =X 2ÞB, then eA ¼ ð1� eÞB (see also Brauner et al.,
1996a; Ullmann et al., 2003b).

The total pressure drop is composed of the gravitational (hydrostatic) pressure drop, which is
determined by the holdup:
dpg
dz

	 

¼ ½q1e þ q2ð1� eÞ	g sin b ¼ ½q2 þ ðq1 � q2Þe	g sinb ð9Þ
and the frictional pressure gradient, ð�dpf=dzÞ. In terms of the solution dimensionless parameters,
the dimensionless frictional pressure gradient, Pf and the additional hydrostatic pressure gradient
(compared to single phase flow of the light phase) are given by:
Pf ¼ � dp=dz� ðdpg=dzÞ
ð�dpf=dzÞ2s

¼ �eP2 þ Y e ð10:1Þ

Pg ¼
ðdp=dzÞ � ðdpg=dzÞ2s

ð�dpf=dzÞ2s
¼ Y e ð10:2Þ
The local shear stresses are obtained by differentiation of the velocity profiles. The expressions
obtained for the dimensionless wall shear stresses s1 at / ¼ �/1 and s2 at / ¼ /2 read:
~sn
1 ¼

s1ðnÞ
s2s

¼ eP1 1

�
� 2ðcosh n þ cosh/1Þ

Z 1

0

cos/1

�
� w1ðxÞ

wðxÞ

�
W1s dx

�
þ 2eP2~lðcosh n þ cos/1Þ

Z 1

0

w2ðxÞ
wðxÞ W1s dx ð11:1Þ

~sn
2 ¼

s2ðnÞ
s2s

¼ eP2 1

�
� ðcosh n þ cos/2Þ

Z 1

0

cos/2

�
� ~l

w2ðxÞ
wðxÞ

�
W2s dx

�
þ 2eP1ðcosh n þ cos/2Þ

Z 1

0

w1ðxÞ
wðxÞ W2s dx ð11:2Þ
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where:
W1s ¼
x cosðxnÞ

sinhðxpÞ coshðx/1Þ
; W2s ¼

x cosðxnÞ
sinhðxpÞ coshðx/2Þ

s2s ¼
R
2

	
� dpf

dz



2s

ð11:3Þ
and the functions w1, w2 and w are given in Appendix A. The average wall shear stresses are
obtained by integration of the local value over the wetted perimeters:
~s1 ¼ sin/1

Z 1

�1

~sn
1

cosh n þ cos/1

dn; ~s2 ¼ sin/2

Z 1

�1

~sn
2

cosh n þ cos/2

dn ð12Þ
The local shear stress at the fluid interface, / ¼ 0, is given by
~sn
i ¼

siðnÞ
s2s

¼ �4 sin/1 cosh
2 n

2

	 
Z 1

0

eP1w1ðxÞ � ~leP2w2ðxÞ
wðxÞ

( )
x cosðxnÞ
sinhðxpÞ dx ð13Þ
and the average interfacial shear stress:
~si ¼
si
s2s

¼ sin/1

Z 1

�1

sn
i

cosh n þ 1
dn ð14Þ
The effects of the viscosity ratio and holdup on the wall and interfacial shear stress profiles in
horizontal flows were explored in Brauner et al. (1996a) and Moalem-Maron et al. (1995) and
more recently by Biberg and Halvorsen (2000) and Goldstein (2002) for the case of inclined flows.
It was shown that the wall shear stresses may not be continuous at the fluids interface (at the triple
points). Their values may explode as the triple points are approached, and so may also the
interfacial shear. Regular variation at the vicinity of the triple points is only obtained in cases
where the sharp angle between the interface and the tube wall is in the more viscous fluid
(Moalem-Maron et al., 1995). However, in all cases, the averaged values of s1, s2 and si are finite.
2.2. Comparison of two-fluid (TF) predictions with LPF exact solution

The LPF exact solution can be used to test the validity of two-fluid models predictions when
applied to cases of fully developed laminar stratified flow with a flat and smooth interface. The
poor predictions obtained when the conventional single-phase-based closure relations (TF model)
are applied to predict experimental data of counter-current liquid–liquid flow has been shown in
Ullmann et al. (2003a). The details of the closure relations used in the co-current and counter-
current regions are given in that reference. In Fig. 2, the TF model results are demonstrated for a
test case of liquid–liquid laminar flow corresponding to a shallow inclination of b ¼ 5:5� and
constant Q1ðY =X 2 ¼ 18Þ.

In the parameter space where counter-current flows are feasible, there are two possible con-
figurations for specified operational conditions that merge into a single one at the ulti-
mate flooding point. The data shown in Fig. 2 correspond to the two stable stratified flow
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configurations that were obtained in the experiments. It is worth emphasizing that all the data are
for laminar flow in both of the phases, with a flat and smooth interface. Therefore, possible effects
of turbulence, interface curvature, interfacial waves and drop entrainment are ruled out.

The TF model predictions for the counter-current holdup curve are shown for two possible
cases where the interfacial shear is considered to be controlled either by the flow of the light phase
(the interfacial friction factor is assumed to be equal to the wall friction factor of the lighter phase,
fi ¼ f2) or by the flow of the heavy phase, (fi ¼ f1). In principle, each of these models for the
interfacial shear can provide up to two solutions for the holdup in counter-current flow. It is
worth noting that in the range of 1=X 2 ! 0, no solution is obtained with fi ¼ f2, whereas for
relatively high 1=X 2 no solution is obtained with fi ¼ f1. However, there is a range of flow rates
where four solutions coexist. The segments of the holdup curves, where the velocity of the phase
that controls the interfacial shear is higher than the other phase (and presumably controls the
interfacial shear), are marked as bold lines. Adopting a criterion based on the ratio of the absolute
phase velocities for switching between the solutions, reduces the number of solutions on one hand,
but on the other hand, eliminates valid solutions and introduces discontinuities. Note that dis-
continuity in the TF model solutions is encountered also in the co-current region, in the transition
between heavy phase dominance (low 1=X 2) to light phase dominance (high 1=X 2) of fi. This
discontinuity corresponds to a range of flow rates where the velocities of the two phases are
similar. In this range, a solution can be obtained only if the interface is considered as ‘free’ (not
included in the wetted perimeter) in the calculation of the hydraulic diameters of both phases (see
also Brauner and Moalem Maron, 1989).

Results of the LPF solution for this test case are also shown in Fig. 2. The counter-current
region implied by the exact solution is significantly larger than that obtained by the two (different)
curves of the TF model (when applied with either fi ¼ f1 or fi ¼ f2). The discrepancies between
the holdup data and the exact solution are much lower compared to those indicated by the TF
model predictions. Yet, the source of these discrepancies remains unclear. These cannot be
attributed to wave effects or other possible irregularities at the interface, since as already men-
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tioned, the interface in the experiments was definitely observed as being smooth and flat. Also, no
measurable holdup gradient could be detected in the test section where holdup measurements
were taken (see Ullmann et al., 2003a). Still, the possibility that for shallow inclinations a much
longer pipe is required to establish the fully developed conditions cannot be ruled out. It is also
worth noting that surface tension gradients along the interface (due to possible presence of minute
amounts of contaminants) can give rise to an additional interfacial shear. In such a case, the
length of the developing region is dominated by the rather slow diffusion process.

Obviously, the erroneous results of the TF model for the holdup yield also erroneous values for
the gravitational pressure gradient, which is the major contribution to the total pressure drop in
inclined systems. In this test case, the frictional pressure gradient is less than 0.5% of the total
pressure gradient in the counter-current, and about 1.5% in the co-current region. A comparison
of the LPF results for the frictional pressure gradient with those obtained by the TF model is
shown in Fig. 3. The problematic choice of the interfacial friction factor in the TF model, as
discussed with reference to the holdup predictions, have obvious implications also on the pre-
diction of the pressure drop.

The above test case demonstrates the problems that may be encountered in applying the TF
model for the prediction of the stratified flow characteristics, even for the relatively simple case of
fully developed laminar flows with a smooth and flat interface. The complications and poor
predictions evolve from the inherent inaccuracy of the closure laws used for the shear stresses and,
in particular, the interfacial shear stress. In gas–liquid (horizontal and upward inclined) systems,
the gas phase is typically turbulent and its velocity is much larger than that of the liquid layer. The
interfacial friction factor is then evaluated based on the wall friction factor of the gas phase. A
crucial issue in applying the two-fluid model to gas–liquid systems is frequently the modeling of a
correction factor, which accounts for the augmentation of the interfacial shear due to the wavy
liquid interface. However, in the general case of inclined flows, counter-current flows and liquid–
liquid systems, where velocities of the two-phases are of comparable values, the main issue
concerns the decision as to which of the fluids actually dominates the interfacial interaction, hence
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fi. The commonly used wall shear expressions are also problematic for inclined flow, since they are
incapable of representing reversed wall shear in cases of backflow of one of the phases in the near
wall region (e.g. downward flow of the liquid phase near the wall in co-current upward gas–liquid
flows).

In fact, the structures of the closure relations, which are borrowed from single phase theory/
correlations, are incapable of representing correctly the interaction between the two phases. This
calls for re-examination of the closure laws for the shear stresses and their improvement based on
structures implied by exact solutions of laminar stratified flows.

The question is whether the LPF exact solutions for the wall and interfacial shear stresses
provide a clue as to what modifications are required in the structure of the closure relations for the
shear stresses used in the two-fluid model. Recalling that an appropriate closure relation for the
two-fluid model is one that relates the average shear stress to the in situ holdup and velocities,
however, not to the pressure drop, the eP1 and eP2 terms should be first eliminated from Eqs. (11)
and (13) (using Eqs. (7)). Then, integration over the corresponding wetted perimeters must be
carried out to obtain the averaged values for the shear stresses. Inspection of the expressions that
eventually evolve (not shown) reveals that they are far too complex to be of any direct usefulness
for obtaining closure relations for the two-fluid model. Therefore, it is of interest to explore the
exact solution for the shear stresses obtained in a simpler geometry of the flow between two-
plates. This is in order to understand how the interaction between the phases is represented by the
expressions obtained for the shear stresses in this model.

2.3. Closure relations based on the two-plate (TP) model

The laminar two-phase flow between two parallel plates is a simple model, which has been
proven to be a useful tool for analyzing the characteristics of stratified flow in inclined channels.
For this geometry, o2u1;2=ox2 ¼ 0 in the NS equations (1), and the solution for the velocity profiles
and shear stresses is straightforward (e.g. Ullmann et al., 2003a). Here, the expressions obtained
for the wall shear stresses via the TP model are cast into the following forms:
s1 ¼ � 1

2
q1f1jU1jU1 � F1 ð15:1Þ

F1 ¼
1þ 1

2
U2

U1
~l U1

U2

ð1�~hÞ
~h

� 1
h i

1þ ~l 1�~h
~h

� � ¼
1þ 1

2
U2

U1
~lq 1�~h

~h

� �2

� 1

� �
1þ U2

U1
~lq 1�~h

~h

� �2
ð15:2Þ
and
s2 ¼ � 1

2
q2f2jU2jU2 � F2 ð16:1Þ

F2 ¼
1þ 1

2
U1

U2

1
~l

U2

U1

~h
ð1�~hÞ � 1

h i
1þ 1

~l
~h

ð1�~hÞ

¼
1þ 1

2
U1

U2

1
~lq

~h
1�~h

� �2

� 1

� �
1þ U1

U2

1
~lq

~h
1�~h

� �2
ð16:2Þ
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where ~h ¼ h=H is the dimensionless heavier layer thickness (H denoted the distance between the
plates). The average velocities U1, U2 are positive (negative) for downward (upward) flows. The
friction factors f1 and f2 are based on the Reynolds number of the corresponding layer:
f1 ¼
24

Re1
; Re1 ¼

q1jU1jD1

l1

; D1 ¼ 2h ð17:1Þ

f2 ¼
24

Re2
; Re2 ¼

q1jU2jD2

l2

; D2 ¼ 2ðH � hÞ ð17:2Þ
It is worth noting that the hydraulic diameter D1, D2, used in Re1 and Re2 respectively, are defined
by considering the fluids interface as a wetted (rather than free) surface with respect to the flow of
both layers. The F1 and F2 terms in Eqs. (15) and (16) represent correction factors, which represent
the effects of the interaction between the two fluids flowing in the same channel on the wall shear
stress. Evidently, these F -interaction terms may attain negative values and thus correctly represent
the occurrence of reversed wall shear in cases of near wall back-flow in inclined flows.

For F1 ¼ 1 (or F2 ¼ 1) the wall shear stress correspond to that obtained in single-phase flow of
the lower (or upper) fluid through two-plates spaced by the layer thickness, h (or H � h). Indeed,

as U1=U2 ! 0 (whereby U1

U2

1
~lq

~h
1�~h

� �2

� 1

� �
! 0), Eq. (16.2) yields F2 ! 1. In this case the interface

can be considered as a wall with respect to the upper phase and the wall friction factor can be
modeled based on single phase correlations for the friction factor. This is a typical case in gas–
liquid horizontal and upward inclined systems, where the gas velocity is usually much higher than
the liquid velocity. In such cases of U2=U1 � 1, and where also ~lqð1� ~hÞ2=~h2 � 1, Eq. (15.2)
renders F1 ! 1=2. Hence, for the slower heavier (liquid) phase, the effective wall friction factor is
half the single-phase friction factor (f1), corresponding to an increase of the hydraulic diameter D2

by a factor of 2. In the TF model, this is equivalent to considering the interface as free while
modeling the hydraulic diameter, D2. Obviously, similar arguments apply for the opposite case of
U2=U1 � 1, where the heavier fluid is the faster whereby F1 ! 1 and F2 ! 1=2.

The interfacial shear stress in the TP model can be cast into either of the following two forms:
si ¼ � 1

2
q1f1jU1jðU2 � U1Þ � Fi1 ð18:1Þ
with
Fi1 ¼
1

1þ ~l 1�~h
~h

� � ¼ 1

1þ U2

U1
~lq 1�~h

~h

� �2
ð18:2Þ
or equivalently:
si ¼ � 1

2
q2f2jU2jðU2 � U1Þ � Fi2 ð19:1Þ
with
Fi2 ¼
1

1þ 1
~l

~h
1�~h

� � ¼ 1

1þ U1

U2

1
~lq

~h
1�~h

� �2
ð19:2Þ
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The first point worth noting concerns the structure of the closure relation for si implied by the TP
model. The structure of si suggests that if it is based on the wall friction factor of either of the
fluids, the si should be modeled based on the velocity difference times the velocity of the selected
fluid (rather than the commonly used structure, where the square of the velocity difference is
used). The Fi represents a correction factor due to the interaction between the flows in the two
layers. The use of the first form with Fi1 is convenient in cases of a much faster or less viscous

lower layer, where U2=U1 ! 0
�
and U2

U1
~lq 1�~h

~h

� �2

! 0
�
. In this case Fi1 ! 1 and the interfacial

shear stress is in fact dominated by the flow of the lower-layer. On the other hand, in the opposite

case of a much faster upper layer, U1=U2 ! 0
�
and U1

U2

1
~lq

~h
1�~h

� �2

! 0
�
. Then Fi2 ! 1, indicating

that the interfacial shear stress is dominated by the flow of upper layer.

Obviously, by applying the integral combined momentum equation (Eq. (21) below) for the
two-plates geometry with the above closure laws for the wall and the interfacial shear stresses
(Eqs. (15), (16), and (18) or (19)), the exact results for the holdup and pressure drop in the TP
model are reproduced. Either of the above two expressions for the interfacial shear stress can be
used. However, representing the interfacial shear stress based on the flow of the slower (or more

viscous) layer, (namely using f2 to model si in cases of U1

U2

1
~lq

~h
1�~h

� �2

� 1, or f1 cases
U2

U1
~lq 1�~h

~h

� �2

� 1), requires major corrections of the single-phase friction factors to correctly rep-

resent the interaction between the two layers. These correction factors must then be rigorously
accounted to correctly predict the pressure drop and holdup. Hence, it is preferable to present the
interfacial shear stress based on the layer associated with the Fi being closer to 1.

The structure of the closure laws that evolves from the TP model for the wall shear stresses
provides some justification to the conventional single-phase-based closure relations used in two-
fluid models, when these are applied to horizontal flows in the extremes of either U1=U2 ! 0 or
U2=U1 ! 0. However, F1 and F2 (Eqs. (15.2) and (16.2)) suggest a possible structure for the
correction factors on the single-phase-based friction factor models/correlations, which plausibly
account for the interaction between the two fluids.

As a first test for the relevance of the TP closure relations to pipe flow, these are implemented in
the two-fluid momentum equations with some called-for modifications: the ~h in Eqs. (15.2), (16.2),
(18.2) and (19.2) is interpreted as the heavier fluid holdup, e ¼ A1=A and the wall friction factors
are calculated based on laminar pipe flow, f1;2 ¼ 16=Re1;2. Figs. 4a and b show the results obtained
for the holdup and for the frictional pressure gradient by this model (denoted in the figures, by
TF(TP)), in comparison with the LPF solution and the TP model results. Indeed, as demonstrated
in Fig. 4a, the two-fluid model predictions for the holdup are dramatically improved by the
inclusion of the above F -interaction factors. The entire holdup curve is now close to that obtained
by the LPF exact solution. This reflects the fact that the velocity profiles at the pipe centerline (in
inclined and horizontal flows) exhibit similar characteristics to those obtained with the TP model,
when the two geometries are compared for the same holdup (see Ullmann et al., 2003a). However,
the comparison of the frictional pressure gradient with the LPF solution (Fig. 4b) is less favorable.
As expected, the pressure gradients are more sensitive to the different wetted perimeter’s ratios in
the TP and pipe geometries. Further adjustments of the F -interaction factors to account for the
geometrical differences are suggested in the following section, where the full set of equations of the
modified two-fluid model is presented.
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3. The modified two-fluid (MTF) model

Assuming a fully developed stratified flow, the integral forms of the momentum equations for
the two fluids are (see Fig. 1):
�A1

dp
dz

þ s1S1 � siSi þ q1A1g sin b ¼ 0 ð20:1Þ

�A2

dp
dz

þ s2S2 þ siSi þ q2A2g sin b ¼ 0 ð20:2Þ
where A1;2 and S1;2 are the cross-sectional area and the wall perimeter of each of the fluids
respectively and Si is the interfacial perimeter (see Fig. 1). Eliminating the pressure drop yields:
s1
S1
A1

� s2
S2
A2

� siSi
1

A1

	
þ 1

A2



þ ðq1 � q2Þg sin b ¼ 0 ð21Þ
The closure relations adopted for the wall and interfacial shear stresses are basically those pre-
sented in Section 2.3 based on the TP model. However, due to the different geometries involved,
some further adjustments are obviously necessary when the F -interaction factors are applied to
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pipe flow. In fact, the factor 1/2 in the numerator of F1 and F2 (see Eqs. (15.2) and (16.2)) can
represent various relations of the wetted perimeters and the interface width in the TP geometry
(e.g. S1;2=ðS1 þ S2Þ, Si=ðS1 þ S2Þ, S1;2=ðSi þ S1;2Þ). This is not the case for pipe geometry. Recalling
that in laminar flows X 2 ¼ ~lq, the following closure relations are suggested for pipe flow:
s1 ¼ � 1

2
q1f1jU1jU1F1; F1 ¼

1þ U2

U1
g11X 2 1�e

e

� �2 � g12
h i
1þ U2

U1
X 2 1�e

e

� �2 ð22:1Þ

s2 ¼ � 1

2
q2f2jU2jU2F2; F2 ¼

1þ U1

U2
g22 1

X 2
e

1�e

� �2 � g21
h i
1þ U1

U2

1
X 2

e
1�e

� �2 ð22:2Þ
with
f1 ¼
16

Re1
; Re1 ¼

q1jU1jD1

l1

; D1 ¼
4A1

ðS1 þ SiÞ
¼ pD

e1eS1 þ eSi

ð23:1Þ

f2 ¼
16

Re2
; Re2 ¼

q2jU2jD2

l2

; D2 ¼
4A2

ðS2 þ SiÞ
¼ pD

e2eS2 þ eSi

ð23:2Þ
The g11, g12, g21, g22 are functions of the dimensionless wetted perimeters eS1, eS2 and eSi in the pipe

geometry, (eS ¼ S=D). These functions are determined based on the closure relations expected for
s1 and s2 in some limiting cases. To make the hydraulic diameter of the much slower layer
converge to the value corresponding to the free interface model (see the discussion related to Eqs.
(15) and (16)), the following g11 and g22 are implemented:
g11 ¼
eS1eS1 þ eSi

; g22 ¼
eS2eS2 þ eSi

ð24:1Þ
The functions g12 and g21 are set to render the correct value of the shear stress in the particular
case of ~l ¼ 1, q ¼ 1 and e ¼ 1=2 (corresponding to single-phase laminar pipe flow,
s1 ¼ s2 ¼ 8l1;2U1;2=D), and to follow the trend of s1 (or s2) as X 2 ! 0 (or 1=X 2 ! 0):
g12 ¼
4

p þ 2

eS2eS2 þ eS1

; g21 ¼
4

p þ 2

eS1eS2 þ eS1

ð24:2Þ
For the interfacial shear, the following closure relations evolve from Eqs. (18) and (19) for pipe
flow:
si ¼
� 1

2
q1f1jU1jðU2 � U1ÞFi1; U2

U1
X 2 1�e

e

� �2
6

U1

U2

1
X 2

e
1�e

� �2
� 1

2
q2f2jU2jðU2 � U1ÞFi2; U2

U1
X 2 1�e

e

� �2
> U1

U2

1
X 2

e
1�e

� �2
(

ð25Þ
The first line in Eq. (25) corresponds to the case where the interfacial shear is dominated by the
flow of the heavy phase, whereas the second line corresponds to dominance by the light phase.
The criterion used in Eq. (25) to switch between the two alternative expressions suggests a
matching between the solutions for these two cases. The MTF closure relation for the interfacial
shear thus avoids the discontinuity and other ill effects encountered in the TF predictions.
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The two-fluid momentum equations (Eqs. (20)), when combined with the closure relations given
in Eqs. (22)–(25), comprise the modified two-fluid (MTF) model. Note that upon substituting the
above closure relations in the combined momentum equation (21), and using dimensionless
variables, an implicit relation of the dimensionless heavier layer thickness ~h ¼ h=D is obtained,
f ðX 2; Y ; q; ~hÞ ¼ 0. This relation is the equivalence of Eq. (8) in the LPF exact solution. Once a
solution has been obtained for the holdup, the corresponding pressure drop can be calculated
either of Eqs. (20), or from their sum.
4. Validation of the modified two-fluid (MTF) model-discussion

The results of the MTF model for the test case of 5.5� are shown in Fig. 4 in comparison to the
LPF solution. Both the holdup and the frictional pressure gradient are close to the values ob-
tained by the LPF solution in the counter-current and co-current regions. It is of interest to
observe the detailed variation of the holdup and frictional pressure gradients obtained at the
vicinity of 1=X 2 � 0 corresponding to low flow rates of the light phase (see the enlargement of this
region on Fig. 4c, where the additional two solutions can be observed). The LPF yields triple
solutions for co-current down-flow, which are also well predicted by the MTF model. To further
substantiate the findings implied by Fig. 4, similar comparisons are shown in Fig. 5 for a steeper
inclination of 30�. It is worth noting that the predictions of the experimental holdup by both, the
LPF and MTF are better for the case of a steeper inclination. This may imply that fully developed
flow conditions in the pipe (as assumed by the models) are more easily approached at steeper
inclinations.

A convenient and useful test case is the horizontal laminar flow of equal viscosity fluids, ~l ¼ 1.
In this case eP1 ¼ eP2 even with q1 6¼ q2, and the velocity profile corresponds to single phase,
Poiseuille flow at the mixture flow rate ðU1s þ U2sÞ. Simple analytical expressions are then
available for the flow rates ratio, dimensionless pressure drop and for the shear stresses (e.g.
Ranger and Davis, 1979, Brauner et al., 1996a):
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1

q
¼ U2s

U1s

¼
p � /1 þ 2

3
sin 2/1 � 1

12
sin 4/1

/1 � 2
3
sin 2/1 þ 1

12
sin 4/1

ð26:1Þ

eP1 ¼ eP2 ¼ eP ¼ U1s þ U2s

U2s

¼ 1þ q ð26:2Þ

s1 ¼ s2 ¼
8lðU1s þ U2sÞ

D
; si ¼ � 8lðU1s þ U2sÞ

D
cos/1 ð26:3Þ
This analytical solution was used also to test the accuracy of the numerical integration scheme
employed in the LPF for calculations of the flow rates. As can be seen in Fig. 6, the LPF results
for the holdup (and pressure gradient) practically coincide with those obtained by the analytical
solution (maximal deviation of 0.04%).

Two fluid models are challenged by this test case, where similar velocities of the two-phases are
encountered. The results of MTF model are also shown in Fig. 6a and b. In the scales used in
these figures, the results appear identical to those of the analytical expressions given by Eqs. (26).
Maximal deviations are less than 1.5% for the pressure gradient and less than 0.5% for the holdup
(for the range shown, X 2 < 10). These figures demonstrate again the difficulties encountered in
applying the TF model for this rather simple case. In the vicinity of X 2 � 1 a solution can be
obtained only if the interface is considered as ‘free’ with respect to both phases in the calculation
of the hydraulic diameters. Very good agreements between the results of the MTF and LPF
models for the holdup and pressure gradient are obtained also for horizontal flows with fluids of
different viscosities, ~l 6¼ 1 (not shown).

As already demonstrated in Fig. 2, the weaknesses of the TF model become more evident in
inclined flows, where a different body force is driving the two layers. In counter current flows, the
interaction between the two layers results in back-flow of one of the phases, whereby either the
heavier phase is dragged upward, or the lighter phase is dragged downward near the fluids
interface. The effects of this backflow on the interfacial shear cannot be adequately represented by
the TF model, as is manifested by the discontinuities between the solutions obtained with the
different options for representing si and their deviations from the LPF solution. On the other
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hand, the closure suggested by the MTF model for si is capable for representing the interaction
between the flows in the two layers, and results in continuous predictions of the holdup and
pressure drop in the entire solution space, which are also in good agreement with the LPF
solution.

In co-current inclined flows backflow can be encountered near the pipe walls. In upward co-
current flow, downward back-flow of the heavy phase can be obtained near the lower pipe wall.
Similarly, in co-current down-flow, upward backflow of the light phase may result adjacent to the
upper wall. Since in the TF model, the wall and interfacial shear stresses are represented in terms
of the averaged velocities, the direction of the wall shear stress may be erroneous. These situations
can be handled by the MTF model, as the F -interaction factors may attain negative values, and
thus affect a change of the direction of the wall shear stress.

This feature of the MTF model is demonstrated in Fig. 7 showing the variation of the F -
interaction factors with 1=X 2 at a constant Y =X 2. This represents variation of the light phase flow
rate at a constant flow rate of the heavy phase in a case of co-current up-flow. In this case, the
heavy phase is dragged upward by the flow of the light phase. The upper wall shear stress is thus
always positive, however, the F2 < 1 implies that its value is lower than that suggested by the TF
model. Similarly, the values of Fi < 1 suggest a reduced interfacial shear. The most interesting
behavior is that of F1, which changes sign in some range of the light phase flow rate. In the region
where F1 is negative, the wall shear stress exerted on the lower phase is opposite to that expected
based on the mean flow direction. The change of sign is associated with the backflow of the
heavier phase. Indeed, when the shear exerted by the lighter phase is not sufficiently high,
backflow of the heavier phase is encountered, resulting in a reversed, upward directed wall shear
stress. The velocity profile obtained by the LPF solution in this region (Fig. 7b) shows the
backflow.

The correction introduced by the F1-interaction factor become more significant as the incli-
nation parameter is increased and gravity effects become more dominant. Fig. 8 reveals that at
relatively high flow rates of the light phase, three different values for F1 correspond to a specified
flow rates ratio: one positive value and two negative values. These three values are associated with
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the triple solution for the holdup in this range of flow rates ratios. The holdup curve for a test case
of constant, low flow rate of the heavy phase, corresponding to Y =X 2 ¼ �1000, is shown in Fig. 9.
This figure shows also the velocity profiles corresponding to the three solutions (A, B, C) at
1=X 2 ¼ 600 (obtained by the LPF solution). Inspection of the velocity profiles reveals that only
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with the lowest holdup (A), the shear exerted by the light phase is sufficient to drag upward the
entire flow of the heavy phase (no backflow). For the two higher holdups (B and C), backflow of
the heavy phase results at the lower wall. Therefore, with these two holdups, the lower wall shear
stress is reversed, in accordance with the negative values of the F1 interaction factor indicated by
the MTF model for these holdups.

In fact, multiple holdups are obtained with all the above stratified flow models (LPF, TP, TF
and MTF) in some range of operational variables. Multiple (double) holdups are inherent in
counter-current flows (Ullmann et al., 2003a), up to the flooding point, beyond which no solution
is obtained. In co-current upward or downward flows, however, multiple (triple) holdups corre-
spond to a limited range of operational conditions. The possibility of obtaining multiple holdups
in co-current up-flow was recently verified experimentally (Ullmann et al., 2003b). Fig. 10 shows
the LPF model results for the variation of the holdup curves with the inclination parameter. The
counter-current region diminishes with the decrease of the inclination parameter. The triple
solution for downward flow ðY =X 2 > 0Þ is typically obtained for small positive value of 1=X 2

corresponding to high flow rates of the heavy phase and/or low flow rates of the light phase (see
the detailed picture shown in Fig. 10). The triple solutions for upward flows ðY =X 2 < 0Þ are in the
range of relatively high 1=X 2 (see for example Fig. 9). These characteristics are similar to those
predicted by the TP model and discussed in Ullmann et al., 2003b. It is worth noting that in case
of multiple solutions, computational software usually yields only one of the solutions for specified
operational conditions. Therefore, a prior mapping of the multiple solution regions can help in
identifying the operational conditions for which multiple solutions should be expected. In these
regions the user should check whether the solution obtained by the computational code is the
relevant one for the particular application, and to examine the physical significance of the other
possible solutions.

The procedure for mapping the multiple holdup boundaries of the LPF solution are demon-
strated in Fig. 11. For a specified value of inclination parameter and ~l, the range of X 2

corresponding to multiple holdups is bounded by the values of X 2 where dX 2=de ¼ 0. The
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counter-current flow range ðX 2 < 0Þ is associated with a double solution for the holdup (2� S).
As shown in Fig. 11c, for any given negative X 2, there is a maximum value of Y for which counter-
current flow is feasible. Co-current flow is feasible in the whole range of positive X 2 (at least
1� S). The triple solution range (3� S) of co-current downward flow is clearly seen in the figure.
The range of triple solution for upward co-current flow is for small positive values of X 2 (adjacent
to X 2 ¼ 0, as detailed in Fig. 11b).

The effects of the viscosity ratio on the multiple-holdup regions obtained by the LPF solution
are summarized in Fig. 12. Fig. 12b is for upward flows, showing the multiple-holdup boundaries
in terms of Y =X 2 vs. 1=X 2. The upper part of this figure (Fig. 12a) is actually a mirror image of its
lower part and represents the ranges where triple solution exists in co-current downward flows in
terms of Y vs. X 2. Fig. 12a and b demonstrate the complete similarity between the LPF stratified
flow solutions in upward and downward co-current flows. It clearly indicates that there is a
minimal X 2 (or minimal 1=X 2Þ for co-current downward (or co-current upward) flows for which
triple solutions can be obtained. It is important to emphasize that Fig. 12 provides a mapping of
the dimensionless parameters for which triple solutions are obtained in laminar co-current
stratified up and down flows with a flat and smooth interface. The relevance of the triple solution
region for a particular application (specified densities, viscosities, tube diameter and inclination)
can be examined after transforming the Y =X 2 vs. 1=X 2 boundaries to the corresponding U1s vs. U2s
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boundaries. The stability of the solutions can be then examined by stability analysis techniques or
in view of an experimental flow pattern map. It should be mentioned that the stability of
the stratified flow is dependent on additional dimensionless parameters. However, the intro-
duction of the triple-solution region on the flow pattern maps of gas–liquid and liquid–liquid
systems indicates that these regions are relevant, and may be related to transition to stratified
flow. In particular, in co-current gas–liquid up-flow, the restricted small range of flow rates where
stratified flow exists may be associated with the triple solution region (Ullmann et al., 2003b).

Comparisons of the multiple solution region predicted by the various stratified flow models in
the case of co-current up-flow are demonstrated in Fig. 13 for viscosity ratios of 0.1 and 10. The
triple solution boundaries of the LPF and MTF models are shown to be very similar. Therefore, it
can be concluded that the MTF model can substitute the complicate LPF model also for the
mapping of the multiple solution regions. However, using the MTF model for this purpose still
requires a tedious procedure. The easiest way to obtain the multiple solutions boundaries is by the
TP model, which provides analytical expressions for the multiple holdup boundaries (Ullmann
et al., 2003b). As shown in Fig. 13, the TP multiple solution regions can provide reasonable
estimates for the operational zones were multiple holdups are to be expected in pipe flow.
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5. Conclusions

The exact solution for fully developed laminar pipe flow (LPF) in inclined tube is used to study
the effect of inclination on the characteristics of counter-current and co-current stratified flows.
This solution is used also to examine the validity of results for the holdup and pressure drop
obtained by two-fluid (TF) models. It is shown that the common practice of using single-phase-
flow-based closure relations for the shear stresses in TF models is problematic in horizontal flows,
and fails in predicting the holdup and pressure drop in co-current and counter-current
inclined flows. The expressions obtained for the wall and interfacial shear stresses in the LPF
exact solution are however too complicated to suggest practical closure relations for two-fluid
models.

The simple two-plate (TP) model was used to derive new closure relations, which account for
the interaction between the phases. The new closure relations are formulated in terms of the
single-phase-based expressions, which are augmented by the two-phase interaction factors.

The so-obtained modified two-fluid (MTF) model was tested against the LPF exact solution.
Very good results were obtained for the pressure drop and holdup for a wide range of dimen-
sionless parameters in co-current and counter-current laminar flows. The MTF model is also
capable of handling the change in the direction of the wall shear-stress when gravity driven
backflow of either of the phases is encountered. The MTF closure relations can be applied for the
calculations of undeveloped conditions and slow transients in stratified laminar pipe flows. In
such cases, the MTF closure relations should be expressed in terms of local/instantaneous values
of the holdup and phases velocities. Although these closure relations are valid for a smooth and
flat interface, they can provide a useful platform for introducing necessary corrections in cases
these assumptions are not strictly met.

The boundaries of multiple (triple) holdup regions in co-current upward and downward in-
clined flows are mapped in terms of the flow dimensionless parameters, i.e. the inclination
parameter vs. the Martinelli parameter for a specified viscosity ratio. The regions obtained via the
LPF exact solution and the MTF model practically coincide.

Further research is currently conducted to extend the MTF model to turbulent flows in one or
both layers.
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Appendix A

The Fourier integrals in Eqs. (10.1) and (10.2) are given by
I11 ¼
Z 1

0

W1 cosðxnÞdx; W1 ¼
sinh½xð/1 þ /Þ	

sinðxpÞ coshðx/1Þ
ðA:1Þ

I12 ¼
Z 1

0

W2 cosðxnÞdx; W2 ¼
sinh½xð/2 � /Þ	

sinhðpxÞ coshðx/2Þ
ðA:2Þ

I21 ¼
Z 1

0

w1

w
W1 cosðxnÞdx; w1 ¼ sin/1 �

tgðx/1Þ
x

cos/1 ðA:3Þ

I22 ¼
Z 1

0

w2

w
W2 cosðxnÞdx; w2 ¼ sin/2 �

tgðx/2Þ
x

cos/2 ðA:4Þ

I31 ¼
Z 1

0

w2

w
W1 cosðxnÞdx ðA:5Þ

I32 ¼
Z 1

0

w1

w
W2 cosðxnÞdx ðA:6Þ
where:
wðxÞ ¼ tghðx/1Þ
x

þ ~l
tghðx/2Þ

x
ðA:7Þ
The results obtained after integration over the phases flow cross-sectional area, using the Jacobian
Jðn;/Þ defined in Eq. (6.3), are
IAj1 ¼
Z 0

�/1

Z 1

�1
Ij1Jðn;/Þdnd/; j ¼ 1; 2; 3 ðA:8Þ

IAj2 ¼
Z /2

0

Z 1

�1
Ij2Jðn;/Þdnd/; j ¼ 1; 2; 3 ðA:9Þ

IA41 ¼ 1

2

Z 0

�/1

Z 1

�1

sinð/1 þ /Þ
cosh n þ cos/

Jðn;/Þdnd/ ðA:10Þ

IA42 ¼ 1

2

Z /2

0

Z 1

�1

sinð/2 � /Þ
cosh n þ cos/

Jðn;/Þdnd/ ðA:11Þ
Note that integration in (A.10) and (A.11) can be carried out analytically (Ranger and Davis,
1979).
IA51 ¼ IA21 þ cos/1I
A1
1 � IA41 ðA:12Þ

IA52 ¼ ~lIA22 þ cos/2I
A1
2 � IA42 ðA:13Þ

IA6 ¼ IA51 � ~lIA31 ðA:14Þ
IA7 ¼ IA51 IA52 � ~lIA31 IA32 ðA:15Þ
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